Asymptotic Expansion of the Quadratic Discriminant Function

for Large Dimension and Samples
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ABSTRACT. For the classification problem between two normal popula-
tions with different covariance matrix, we consider the quadratic discrimi-
nant function (QDF shortly) and the sample quadratic discriminant function
(SQDF shortly). Our purpose of this paper is to derive an asymptotic ex-
pansion of misclassification probabilities for QDF and SQDF when both the

sample sizes and the dimension are large.

1. Introduction

Consider the problem of classifying an observation vector & into one of two
normal populations ITy:N, (g, X1) and II5:N, (g, o). If the mean vector p,
and the covariance matrix X; are unknown, suppose that we have a training
sample of &1y, - - -, 1y, from II; and another independent training sample of
Zop, -+, Ton, from Ily. Let &; and S; (i = 1,2) be the sample mean and the

sample covariance matrix given by

1 Y 1 Y
T =+ , Si=— i — &) (@ij — @),
N; ij i m;(fvg x;)(xij — ;)

respectively, where n; = N; — 1.
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We define a discriminant function by

Q(x; py, pry, X1,%53) = (T — “1)/21—1(33 — 1) — (T — Nz)IZQ_l(w — Hy)
+log [5125 . (L.1)

if the parameters p, and X; are known. When the parameters are unknown,

we define a discriminant function by

Q(SE, i:l, iﬁg, Sl, 82) = (213 — 531)’5;1(23 — .’El) — (213 — Eg)'S{l(w — 532)

+log 5155, (1.2)

using &; and S; replaced by p, and ¥; in (1.1). We usually call (1.1) as
the quadratic discriminant function (QDF shortly) and (1.2) as the sample
quadratic discriminant function (SQDF shortly), respectively.

For the most part, the exact distributions of discriminant functions are
too complicated to handle. Then, we often use asymptotic approximations
instead of the exact distributions.

If we consider ¥; = Y, many results about asymptotic approximations
were obtained. (For the discriminant rules when 3; = ¥, for example, W-
rule and Z-rule, see Siotani, Hayakawa and Fujikoshi (1985), e.g.) When
only the sample sizes are large, Okamoto (1963,1968) derived an asymptotic
expansion formula for the W-rule. For the Z-rule, Memon and Okamoto
(1971) derived an asymptotic expansion formula. It is known that the ac-
curacy of these formulas depends on the dimension and the Mahalanobis
distance between the populations. Therefore, when the dimension is large,
the approximations by these expansion formulas are poor.

Recently Saranadasa (1993) obtained the limiting distribution function
of the Z-rule when both the sample sizes and the dimension are large. Fu-
jikoshi and Seo (1998) also derived a limiting distribution in the class of

discriminant function included both the W-rule and the Z-rule, and their



numerical experiments show that the asymptotic expansion formula gives a
good approximation even for the small dimension. Moreover, Tonda and
Wakaki (2003) derived an asymptotic expansion of misclassification proba-
bility for the W-rule. Matsumoto (2004) derived an asymptotic expansion
of misclassifucation probability in the class included the the W-rule and the
Z-rule.

In the case of proportional covariance matrices, Wakaki (1990) derived
an asymptotic expansion of the SQDF when only the sample sizes are large.
However, when there are no restrictions about the covariance matrices, we
cannot find any asymptotic expansion formulas of the distribution function
for the QDF and the SQDF. One of the reasons is the complexity of the
limiting distribution of the SQDF, which is distributed as the weight sum of
independent noncentral chi-square distribution. When both the sample sizes
and the dimension are large, we can apply the central limiting theorem for the
weight sum. Our purpose of this paper is to derive an asymptotic expansion
of the distribution function of the SQDF when both the sample sizes and
the dimension are large. In Section 2 we derive the asymptotic expansions
of misclassification probability for the QDF and the SQDF. In Section 3,
some numerical experiments are carried out to examine the performance of
the derived asymptotic approximations and to compare with the previous

results. And for the Appendix we show the parameters of derived result.

2. Asymptotic expansion

We may derive the asymptotic approximations of the misclassification
probability of the QDF and the SQDF using the Edgeworth expansion for

large dimension and sample sizes. Then we assume that

lim inf £ > 0, n;>p, (2.1)

n—oo /nz.



and define
VvV = —, (22)

when the sample size N; and the dimension p are sufficiently large.

2.1. Asymptotic expansion of the misclassification probability

The following sections, we assume that an observation vector & comes
from II;.

We consider the formal asymptotic expansion of the distribution of the
sum of the random variables which are independent but aren’t distributed
identically. Let Xy, Xs,---, X, be mutually independent random variables
having E(X;) = 0 and E(|X;|¥) < oo for each j, with integral k¥ > 3, and
let E(X?) = 07 and X}_ 07 > 0. Let F, be the distribution function of

%1 X/ Xj_, 0F. Then, the approximation of F,(x) is given by

Fo(z) ~ ®(z) (2.3)

2
_ 2 1) 3 31) 4 (4 — 104% + 150) -2
o) {0 = 5o+ 3 7 = 1007 1)

+o(n 1),

where v,, is the sum of the variance and k; is the sum of the i-th cumulant
of X;. As later mentioned, the QDF and the SQDF are shown as the sum of
(conditional) independent random vectors. Hence, we use (2.3) to calculate
the asymptotic expansions of the misclassification probability of the QDF
and the SQDF.

For the validity of (2.3), we show the following theorem.

THEOREM 2.1. (Bhattacharya and Rao(1976)). Let 1, @9, -+, &,, - be a
sequence of independent random vectors in R with zero means and positive

definite covariance matrices V|xz;]. Assume that



Ellz;|’] < oo (for some s > 3);

n—oo

1 n
liminf —B2 >0 B2 => V[z,];
n ;
7=1

1 n
lim —

x;|°d(Pg,) =0 for any e > 0; and
I/mj>€ﬁ| 1°d(Px,)

gn(t):the characteristic function of @,, lim, . SUpjy>p |9n(t)] < 1 for

any b >0 .

In this time, the distribution function of B, > iz @ can product Edgeworth
expansion under O(n==2/2). (The formal ezpansion with cumulant has the

validity.)

However, when the sample sizes and the dimension are large, we have to
improve Theorem 2.1. Nevertheless, for a little improvement, we’ll check the
validity of (2.3) for the QDF and the SQDEF. If (2.3) has the validity, the
misclassification probability for the QDF and the SQDF is asymptotically
given by

Pr(2]1) =P[Q(x) > —2logc|I1;]
2 r3[Q ()] 3 Fa[Q ()]
~ (b(—a) + ¢(a) {(a — 1)W + (CL — 3G)W

20\,
72Var[Q(a:)]3}+ (™). (24)

using (2.3), where Q(x) is shown as the QDF or the SQDF,

_ —2logc— E[Q(z)]
Var[Q(z)]'/2

+(a® — 102° + 15a)

and k;[Q(x)] is the i-th cumulant of Q(x). Therefore, we have to calculate
the expectation, the variance, the 3rd and the 4th cumulant of the QDF and
the SQDF. For applying these results to (2.4), we may obtain the asymptotic

expansions of misclassification probability.
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2.2. Asymptotic expansion of misclassification probability for

the quadratic discriminant function

First, we consider the asymptotic expansion of misclassification probabil-
ity for the QDF (1.1) up to p~*/2. In this case, we assume that the means
and the covariance matrices are known. For making the discussion simply,

we standardize x and x;; as

where L is the nonsingular matrix such that L'Y,L = I, and L'33L = A, =
diag(Ai,---,Ap), with A;’s being the roots of [¥y — AX;| = 0. Then, the

quadratic discriminant function (1.1) is expressed as
1 2 1
Q(y;0.1,1,,\,) =y'Ly — (y—n)A, (y—n)+ D log
i=1

p
=S {yF = A My —my)? +log A, (2.6)
j=1

where
Y=y =yp)l ~ Np(Oafp)a n = L(pz — p11).

(2.6) is the form of the sum of the independent random vectors. Then, the
expectation, variance and 3rd cumulant of statistic 7' = y'y— (y—n)'A, ' (y —

n) are calculated respectively as

E[T]=p— (ter;1 + n'A;ln),
Var[T] = 2p — 4trA,) ! + 2trA? + 4/ A %,
r3[1] = 8p + 241 (A% — A% )n — 24trAS " + 24tr A2 — 8trA .

P

For the validity, we consider the following lemma. (About the proof, see

Theorem 2.1.)



LEMMA 2.1. Denote that ey := E[Q(y; 0,1, I,,\p)], vo := Var[Q(y; 0,1, I,,A,)]
and k = k3[Q(y: 0,1, I, Ap)]. 1If

1
L (o 2 5085528 ) >,
12 -
=> Mgt =0(1)  k=0.1,---,6,
pi5

then uniformly for x,

Q(ya 07 1, Ip7 Ap) — €p

2 i < 1) = Bla) + 6(a) @ — 1)L 1 olp 1),
o 6y

Then, we obtain the following theorem.

THEOREM 2.2.  The misclassification probability of quadratic discriminant

function (1.1) is asymptotically given as

K

1
P(2|1) ~ ®(—a) + ¢(a)(a® — 1)——= + o(—), 2.7
(2[1) ~ @(—a) + ¢(a)( )(),v(;;,/2 (\/]3) (2.7)
where
—2logc — e
@ =——"2
Yo

P

eo =p— (trA," + /A ) + D log A
i=1

vy = 2p — 4t1rA;1 + 2’51r/\;2 + 477'/\;277,

ko=8p+ 241" (A — A,

20)n — 24tr A + 24trAS? — 8trAC.

When we assume that « = O(1), i.e.

p— (trA N+ 1A ') = O(p) (p — ), (2.8)

the approximation will be good.



2.3. Asymptotic expansion of misclassification probability for

the sample quadratic discriminant function

Next, we consider the asymptotic expansion of misclassification probabil-
ity for the SQDF (1.2). In the same way for the QDF, we standardize X and
X,;j using (2.5). Then, we obtain

QY: Y1, Y, Bi,Bo) =ni(y —y,)Br ' (y — 9y) — no(y — 92)'By ' (y — 4y)
+log|B1/Bs| — plog(ny/ng), (2.9)

where n;B; = L'S;L and the random variables y, ¥, Ys;, Y1, Y2, B1 and By

are distributed as

Y, ylj ~ NP(07 Ip)7 y2j ~ Np(na Ap): n= L(NZ - ,ul);
_ 1 _ 1
Y, ~ Np(07 Efp): Yy ~ Np(nv EAp)a

By pr(nlajp)a By NWp(n27AP)7
respectively. Besides, we need to show (2.9) as the independent random vari-
ables to calculate the asymptotic approximation of misclassification proba-

bility using (2.4). For using some theorems (see Muirhead (1982), e.g.), we

obtain the following result.

LEMMA 2.2.  The sample quadratic discriminant function (2.9) is repre-

sented as
Q(y7 @17 Iy27 Bla BQ)
=m Vi (y—9) (¥ —31) — Vo (¥ — 92)'A, (¥ — 3)

3 (log(Vin/m1) — log(Van/ma) — log Au)

k=1
”1V111 Z - ylz - ”2V211 Z )‘ 2721)2
=1
P
+>_(log(Vir/n1) — log(Var /n2) — log Ax), (2.10)
k=1



where y = (Y1, Yp)'s Y1 = (D11, U1p)'s Yo = (a1, -+, Uop)' and Vi are
independent and these random vectors are distributed as

1 _
E[p)a Yo ~ Np(n:

Vig ~ Xzzi—erk(i =L2k=1,-- '7Ni)7

1
_Ap)7

Yy~ NP(07 Ip)a Yy~ NP(Oa N,

respectively.

If Vi1 and Vi are given, (2.10) are rated as the sum of independent
random variables. We divide (2.10) into two parts, Q(Y; Y, Y, B1, Ba) =
Q1 + @2, where

Q1 = anﬁl(y - 371)’(11 —Yy) — n2V2]1(y - QQ)IA;(Z/ —Ya),

p

Q2 =Y _(log(Vir/n1) — log(Var/na) — log Ar).

k=1
For ()1, it is easy to calculate the conditional cumulant, because y, ¥, and

Y, is distributed as normal distribution. Then, conditional expectation, vari-

ance, the 3rd and the 4th cumulant of ¢); are shown as

nq N9 nq U
E[@Q:1[V1, V3] = ( ) ( ) 2.11
[Q1|V1, V4] allvl +a12V2 + CL21V1 ‘f'Cbzzv2 ( )
VarlQu|Vi, V] = 2p (b 2L+, ™02 12
1| V1, V2] = 4p 11V1 12V1V2 13‘/22
n? n?
b b O 2.12
( 21V1 + 22V > +O0(p™"), (2.12)
3 n?n nind n3
K3[Q1|V1, Vo] = 8p (Cllvg + ClQVQV?Q + C13V1V2 + C14V223>
+O(1), (2.13)
nt n3ng nin3 nin3 ny
k4@ V1, Vo] = p <d11V -|'Cll2v3v2 +d13V12V22 +d14V1V2 +d15V2
+0(1), (2.14)
where
_ _ LA _ P v
a1 =1, app = p(tTA +n'ATn), an = N oy = N,



biu=1, b=-2p "rA ', by =p (trA 2 +29'A %),
1
by = 4— boy = 4—(trA™L + /A7
21 N, 22 N2( r +1n )
C11 = 1, Ci1o = —3p 1JCI‘A_I,
C13 = ?)p’l(tr/\’2 + n'A’Qn), C14 = —p’l(tr/\’3 + 77'A’377),
d11 = 48, d12 == —192p_1tI'A_1, d13 = 96p_1(3t1"A_2 + 277,/\_277),

dig = —192p  (trA ™ + 2/ A7), dys = 48p (trA ™ + 4y A ).

For @)y, it is difficult to calculate the cumulant of log(Vix/n;). Then, we

standardize V; as
Vik — (ni —p+ k)

2n; —p+k)

U;r is asymptotically distributed as standard normal distribution. Then the

Uy = (2.15)

expectation, variance, the 3rd and 4th cumulant of (), are shown as

E(Q2) = pais+as+O(p '), Var(Qz) =bas+O0(p ),

k3(Qa) ~O(p™"), Ka(Qa2) ~O(p™?), (2.16)
where
ny—p ny —p Ng —p nNg —p -1 2
—— 1 1 — log A
a3 . og( . )+ » og( - )—p Z 0g Ak,
1 n—p, 1 P P 1
-1 ~log —
az = —5 log(— = )+20 g p-l—k Zlng—erk’
P 2 P
by =y ————
23 kgl ng—p+k g —p+k

(We may need to consider the conditional independence.)
For the validity, we obtain the following lemma. (About the proof, see
Theorem 2.1.)

LEMMA 2.3.  Let E, = E[Q(Y;Y,, Y5, B1, Ba)],
- V[Q(yagla'g% BlaBZ)]; K3 = K;S[Q(yi ’gl?’g%Bl; B2)] and
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Ky = Ka[Q(Y; Uy, Yo, Br, Bo). If
A2 =27 _
1111;1_1)10{311'2—j [tr{(] — A7)+ 20A n] =0(1),

_Z)\J_k|77]|2l:0(1) (l{;:17737l:071773)
P

Then uniformly for x,

Pr (Q(y 1 Y1, Yy, B1, Ba)) — E

L2 s <)
Up
2
_ 2 K3 3 K4 K3
= ®(x) + ¢(x) {(:E - 1)—603/2 + (z° — 3:1:)247)3 + (z° — 102% + 15:1:)727}3}

+o(p~1).

Then, we obtain the following result.

THEOREM 2.3.  The misclassification probability of the sample quadratic

discriminant function is asymptotically given by the expectation form for Vi,

and Va1, as

Pl ~ By [P+ ola) { (0 - 1)

607 3/2
2

3 K4 5 3 K3 ~1
+(a” — 3a) 2002 + (a° — 10a” + 15a) 7203 H +o(p™), (2.17)
where
2logc+ E,
a=- 72
Up
N ny N9
E, ~ <a +a +a >+(a +a +a >+O -, 2.18
p ~D 11V1 12‘/2 13 21V1 22V2 23 () ( )
n2 2
VIANAD) ny
v, ~2p b +b +bis— 2.19
p p(llvl 12V1V2 13V22> ( )
n? n?
<b21 V2 + b22 V2 2+ b23> +O0(p7"), (2.20)

11



n3 n2ny nin3 n3
K3 ~ 8p <C11V1 + Cie o V21, +c 13V1V2 + Cuia V23> + O(1), (2.21)
ni n3ne n2n3 nind na
~pld dyy— dis—=% +d 2 +d 0O(1 2.22
Ky p( 11V1 + 12V3V2 + 13V12V2 + 14V1V2 + 15‘/_2 +0(1). ( )

To calculate the expectation of (2.17) for Vi; and Vs, we obtain the
asymptotic expansion of the misclassification probability of the quadratic
discriminant function. We use the standardization of V;,
Vii—(ng—p+1)

2ni—p+1)

for the calculation. Then we obtain the following result.

U, = (2.23)

THEOREM 2.4.  The misclassification probability of the sample quadratic

discriminant function (1.2) is asymptotically given by

P211) = fi+ %fg + %fg +o(p7Y), (2.24)

where f1, fo and f3 are shown in Appendix.

3. Simulation

We carry out some numerical experiments for three purposes. The first
purpose is to examine the accuracy of the asymptotic expansion formula
given by Theorem2.2, at the case of parameter known. The second purpose
is to examine the accuracy of the asymptotic expansion formula given by
Theorem?2.4, at the case of parameter unknown. And the third purpose is to

compare the result in Wakaki (1990), at the case of only large samples.

3.1. Methods of the examination

We denote II; ~ N,(0,I,) and IIy ~ N,(n,A,) (A, = diag(A1, -+, Ap)),

and consider the parameters,

12



Table 1: The results of sumulation when parameters are known.

p=10 p =30 p=30

¢ Sim. (2.7) Sim. (2.7) Sim. (2.7)
a=1.0 1.28 ] 0.26046 | 0.261086 | 0.26087 | 0.261086 | 0.26114 | 0.204686
1.65 || 0.20407 | 0.204686 | 0.20434 | 0.204686 | 0.20472 | 0.204686
7196 || 0.16347 | 0.163543 | 0.16356 | 0.163543 | 0.16374 | 0.163543
a=15 | A; 1.28 || 0.23649 | 0.251002 | 0.22059 | 0.234978 | 0.20578 | 0.220524
= a(P=3)/p 1.65 || 0.18537 | 0.204636 | 0.17717 | 0.193706 | 0.16889 | 0.183161
1.96 || 0.15272 | 0.168724 | 0.14245 | 0.160875 | 0.13586 | 0.152876
A 1.28 7] 0.27149 [ 0.213971 | 0.25130 | 0.202815 | 0.23231 | 0.191302
=a®=2))/p [ 1.65 || 0.20983 | 0.147622 | 0.19930 | 0.142658 | 0.18811 | 0.136093
1°96 || 0.17107 | 0.104062 | 0.15949 | 0.102030 | 0.14891 | 0.098083

Table 2: The results of sumulation when p = 10 and parameters are unknown.

2.24)
p=10 ¢ Simulation | First Term | Up to p~'/2 | Up to p—!
a=1.0 1.28 0.50631 0.430105 0.538842 0.487638

1.65 | 0.47727 0.387604 0.518028 0.482598
1.96 || 0.44314 0.347019 0.498134 0.482363
a=15] X\ 1.28 || 0.56486 0.473576 0.507339 0.488065
=ar=9/r [1.65 0.52694 0.431938 0.503722 0.454312
1.96 || 0.49797 0.391813 0.491756 0.429851
Y 128 || 0.44754 0.397475 0.516215 0.508781

= a®=20)/? [ 1,65 0.41341 0.352555 0.490327 0.504309
1.96 || 0.38052 0.310994 0.464419 0.506498

p =10, 20, 30;

N;=15p (i=1,2);
o c=1;
e )\ =alP /P or \; =alP2)/P where a = 1.0, 1.5;

n = 5(1727"'ap),7 where ¢ = {Z§:1]2(% + %1)71}71/2 X C and C =
1.28,1.65,1.96.

Then we make the samples from these parameters, and estimate the misclas-
sification probability for (1.1) and (1.2) using Monte-Carlo methods. Besides,
we calculate the asymptotic approximation by using (2.7) and (2.24). Then,
we compare the result of (1.1) with that of (2.7), and the result of (1.2) with
that of (2.24).
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Table 3: The results of sumulation when p = 20 and parameters are unknown.

(2.24)
p=20 ¢ Simulation | First Term | Up top /2 | Up to p!
a=1.0 1.28 0.49538 0.449489 0.516060 0.471124
1.65 0.46938 0.417512 0.493675 0.453709
1.96 0.44089 0.385872 0.472595 0.437448
a=15]X\ 1.28 0.59701 0.516046 0.495208 0.491296
=alP-9/r [165 0.56655 0.483104 0.493039 0.488429
1.96 0.53539 0.451499 0.480653 0.462304
by 1.28 0.41743 0.417274 0.489708 0.466100
= aP=20)/r [ 165 0.38696 0.382673 0.464844 0.446993
1.96 0.35879 0.349117 0.441681 0.430393

Table 4: The results of sumulation when p = 30 and parameters are unknown.

(2.24)
p=30 ¢ Simulation | First Term | Uptop '/? | Upto p !
a=1.0 1.28 0.49564 0.458448 0.509690 0.470534
1.65 0.46932 0.431766 0.488643 0.452221
1.96 0.44503 0.405011 0.468404 0.434383
a=15]X 1.28 0.62762 0.544742 0.502985 0.471521
=ar=9/r [1.65 0.60015 0.514772 0.501787 0.500689
1.96 0.57320 0.487004 0.491157 0.489193
by 1.28 0.40353 0.424925 0.480545 0.456517
=alP=20)/P [ 165 0.37633 0.395834 0.457442 0.436433
1.96 0.35051 0.367108 0.435737 0.417622

3.2 Results and comments

Table 1 shows the result to compare (2.7) with the numerical result using
(1.1). Table 2, 3 and 4 show the results to compare (2.24) with the numerical
result using (1.2) when p = 10, 20 and 30 respectively. Standard deviations
of these numerical simulations are not over 0.01, everything.

In this simulation, it is shown that (2.7) has a good approximation. But
(2.24) doesn’t have a good approximation much. Its reasons are, we consider,

that

e The sample quadratic discriminant function is the distribution of weight

sum of independent noncentral chi-square random variables;

14



Table 5: Comparing the results with Wakaki(1990) (1).

Wakaki’s result (2.24)
p N m A Sim. First Term | Up to N—! | First Term | Up to p—1/2 | Up to p~!
5 10 1.5 1.2 || 0.4610 0.7328 0.4384 0.3844 0.5632 0.3272
1.6 0.4805 0.5850 0.4427 0.4337 0.5236 0.3757
20 1.2 0.4025 0.5147 0.4287 0.3003 0.5665 0.4253
1.6 0.4398 0.4345 0.4000 0.3631 0.5296 0.1904
2.5 1.2 || 0.3426 0.2947 0.3183 0.2183 0.5423 0.7567
1.6 0.3946 0.2821 0.3089 0.2875 0.5329 0.1758
15 1.5 1.2 || 0.3705 0.7328 0.5366 0.3407 0.5158 0.3995
1.6 || 0.3554 0.5850 0.4901 0.3794 0.4930 0.3085
20 1.2 0.3017 0.5147 0.4574 0.2508 0.4626 0.5044
1.6 0.3136 0.4345 0.4115 0.2992 0.4652 0.2642
25 1.2 0.2385 0.2947 0.3104 0.1723 0.3836 0.6458
1.6 || 0.2679 0.2821 0.2999 0.2203 0.4193 0.3327
20 1.5 1.2 || 0.3313 0.7328 0.5856 0.3156 0.4774 0.4196
1.6 || 0.2975 0.5850 0.5138 0.3455 0.4615 0.3073
20 1.2 0.2622 0.5147 0.4717 0.2264 0.3971 0.4672
1.6 || 0.2571 0.4345 0.4172 0.2633 0.4115 0.2985
2.5 1.2 || 0.1989 0.2947 0.3065 0.1525 0.3038 0.5007
1.6 0.2142 0.2821 0.2955 0.1870 0.3422 0.3418
30 1.5 1.2 || 0.2872 0.7328 0.6347 0.2879 0.4246 0.4064
1.6 0.2385 0.5850 0.5376 0.3055 0.4129 0.3126
20 1.2 0.2207 0.5147 0.4861 0.2024 0.3229 0.3811
1.6 0.2026 0.4345 0.4230 0.2248 0.3391 0.2984
25 1.2 0.1626 0.2947 0.3026 0.1346 0.2264 0.3403
1.6 || 0.1650 0.2821 0.2910 0.1546 0.2543 0.2897
45 1.5 1.2 || 0.2594 0.7328 0.6674 0.2677 0.3792 0.3671
1.6 0.2019 0.5850 0.5534 0.2745 0.3667 0.3043
20 1.2 0.1954 0.5147 0.4956 0.1867 0.2693 0.3025
1.6 0.1681 0.4345 0.4268 0.1978 0.2792 0.2661
25 1.2 0.1410 0.2947 0.3000 0.1237 0.1771 0.2394
1.6 || 0.1350 0.2821 0.2880 0.1338 0.1920 0.2261

e The dimension p of this simulation is too small; and

e As the condition for the parameters ( e )\j_k|nj|2l) /p, its size has

effect on the actual error.

3.3 Comparison

To compare the result of Wakaki (1990), we denote IT; ~ N,(0, I,) and
Iy ~ Ny(m,I,), where Ny = Ny = N and p = (p,0,---,0)". Then we

consider the parameters,

e p=2>5, 10, 20;
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Table 6: Comparing the results with Wakaki(1990) (2).

Wakaki’s result (2.24)
p N o A Sim. First Term | Up to N—1 | First Term | Uptop—1/2 | Uptop 1
10 15 1.5 1.2 || 0.5645 0.9599 1.0653 0.4636 0.5164 0.6898
1.6 0.6320 0.8063 0.3795 0.5334 0.5013 0.3347
2.0 1.2 0.5199 0.8805 0.5685 0.4071 0.5119 0.3655
1.6 0.5989 0.7064 0.2815 0.4811 0.5033 0.5200
2.5 1.2 || 0.4709 0.7225 0.2901 0.3415 0.5079 0.2025
1.6 0.5610 0.5698 0.2639 0.4262 0.4924 0.3969
20 1.5 1.2 || 0.4883 0.9599 1.0389 0.4328 0.5022 0.4784
1.6 || 0.5150 0.8063 0.4862 0.4917 0.4998 0.5018
20 1.2 0.4301 0.8805 0.6465 0.3603 0.4754 0.3242
1.6 || 0.4757 0.7064 0.3877 0.4298 0.4794 0.4172
25 1.2 0.3664 0.7225 0.3982 0.2821 0.4407 0.2940
1.6 || 0.4301 0.5698 0.3404 0.3625 0.4506 0.2824
30 1.5 1.2 || 0.4060 0.9599 1.0126 0.3894 0.4715 0.3921
1.6 || 0.3704 0.8063 0.5929 0.4283 0.4658 0.4211
20 1.2 0.3380 0.8805 0.7245 0.3042 0.4168 0.3284
1.6 || 0.3311 0.7064 0.4940 0.3574 0.4255 0.3181
2.5 1.2 || 0.2707 0.7225 0.5063 0.2213 0.3482 0.3198
1.6 0.2890 0.5698 0.4169 0.2822 0.3762 0.2412
45 1.5 1.2 || 0.3460 0.9599 0.9950 0.3499 0.4343 0.3660
1.6 0.2730 0.8063 0.6640 0.3700 0.4189 0.3484
2.0 1.2 (| 0.2772 0.8805 0.7765 0.2603 0.3565 0.3179
1.6 0.2389 0.7064 0.5648 0.2950 0.3638 0.2745
25 1.2 0.2125 0.7225 0.5783 0.1805 0.2695 0.2814
1.6 || 0.2009 0.5698 0.4679 0.2201 0.2983 0.2250

e N =10, 15, 20, 30, 45, where N > 1.5p;
e c=1;

e n=15,2, 2.5;

e \=12, 1.6.

For the same methods in Section 3.1, we obtain the numerical results at
Table 5, 6 and 7. In this simulation, it is show that the approximation in
(2.24) is better than Wakaki’s works for large dimension and sample sizes. In
Wakaki’s results, the dimension p is used for the parameter of y?-distribution.

Therefore, the approximation by his paper will be poor for large dimension.
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Table 7: Comparing the results with Wakaki(1990) (3).

Wakaki’s result (2.24)
p N o A Sim. First Term | Up to N—1 | First Term | Uptop—1/2 | Uptop 1
20 30 1.5 1.2 || 0.5962 0.9994 1.2013 0.5064 0.5096 0.3557
1.6 0.6998 0.9510 1.1591 0.6213 0.5496 0.1960
2.0 1.2 0.5577 0.9968 1.3553 0.4620 0.4929 0.6478
1.6 0.6719 0.9195 0.9376 0.5645 0.5329 0.3516
2.5 1.2 || 0.5123 0.9845 1.3985 0.4094 0.4670 0.4570
1.6 0.6378 0.8639 0.6370 0.5116 0.5094 0.4939
45 1.5 1.2 || 0.5220 0.9994 1.1340 0.4705 0.4952 0.5639
1.6 || 0.5191 0.9511 1.0897 0.5417 0.5208 0.5055
20 1.2 0.4644 0.9968 1.2358 0.4067 0.4539 0.4360
1.6 || 0.4837 0.9195 0.9316 0.4829 0.4888 0.4886
25 1.2 0.3998 0.9845 1.2605 0.3344 0.4039 0.3239
1.6 0.4421 0.8639 0.7126 0.4198 0.4463 0.4192

A. Appendix — Parameters

We may show the parameters of the derived results in Section 2.3.
Using U; of (2.23), standardization of V};, (2.18), (2.20), (2.21) and (2.22)

are shown as

E, = pro+ /p(riiUs +r2Us) + (ro1UZ + 199U2 + 193)
1
+—(T31U13 -+ 7“32U23 + 7"33U1 —+ T34U2) —+ O(pil),

VP

’Up = PSo + \/Z_)(SllUl + 312U2) + (321U12 + 822U1U2 + 823U22 + 324)
1 _
+—(S31U13 + S32U12U2 + 833U1U22 —+ S34U23 + 835U1 + 836U2) —+ O(p 1),

VP
K3 = pt(] + \/]3(t11U1 + tlQUQ) + O(l),

K4 = pWo + O(pl/Q);

where

nq n Ty n

a a a3,
nl—p+111 ng—p+112 13
p1/2n1

(i —p+ 1)3/2011; T2 = —V2

(nl —p+ 1)2 11, 22 (n2 —p+ 1)2 125

Ty =

p1/2n2 .
(ns —p+1)32""7

7“11:—\/5

21

T'23 Q22 + G23,

ao1 +
n—p+1 21 ne —p-+1
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3/2 3/2
_ pm _ PNy
31 = 2\/§(n1 ot 1)5/26011, T32 = 2\/§(n2 o+ 1)5/26012;

1/2 1/2
P n1 P %)
= /2 = —/2
33 = \/_(nl = 1)3/2 a9y, T34 \/_(n2 - 1)3/2 a9,

n? NN n
sg =2 L by, + bio + 2
0 (uh—p+1y11 (m—p+Dna—p+1)

1/2
peng ny 12
=—-2V2 2 by + ————b ,
S11 \/_(nl—p+1)3/2<n1—p+111 nz—p+112>

1/2
S19 = —2v/2 b <2 he: b1z + Lbn) ;

(ne—p+132 \"ny—p+1" " m—p+1
pny ny Ny

S91 =14 3 b1 + b2 |,

4 (m —p+1)2 < ny—p+1 H ny —p—+1 12)
pning

(n1 —p+1)32(ng —p+1)

n n n
S93 = 4 b (3 2 biz + . b12> ,

S99 = 4 372 bio,

(ng—p+1)2\ ng—p+1 n—p+1
2 2
ny ny
SR ) W SR W—— .
24 (m—p1 1) 21 (e —p 1172 29 + ba3

3/2

peng ny U]
= —4+/2 4 b —}
$31 \/_(n1—p+1)5/2<n1—p+111+n2—p+112>’

3/2
b NNy
S30 = —4V/2 bia,
” (m —p+1)2(ny —p+ 13277
3/2
prniny
= —4\/2 b
o = Y P —p ¥ D
3/2
pTng Ny ny
= —42 4 b —)
534 f(nZ_p+1)5/2<n2_p+113+n1_p+112>:
I/Qn% p1/2ng

S35 = —8\/5 P

T TRt e = —8V2

b
(ng —p+1)°/2 =

3 2
tO =8 < L C11 —+ n1n2 C19
(m—p+1)3 (i —p+1)*(ny —p+1)
2 3
ning 1
+ i+ ——2——cuq |,
(m—p+Dma—p+1)> 7" (ng—p+1)3 14)

1/2 1/2,,2
Pt peny
t = —8v/2 3 c
1 uh—p+UWQ<oh—p+n2“

18



pl/inn2 . + p1/2n% .
(m—p+)(na—p+1) 2 (ng—p+1)2 °)°

1/2 1/2,2
D ng p g
ty = —8V/2 3 ¢
2 (ny — p+1)3/2 ( (ng—p+1)2 "
+2 P, €13 + —p1/2n% Cl?)
(m—p+1)(ng—p+1) (ny—p+1)27)°
4 3
nq N2
wy = dyp + d
0 ((nl—p+1)4 Y i —p+ 13 —p+1)
2,9 3
+ diz + d
(i —p+ 12y —p+1)2 7 (ng—p+1)(n—p+1)3 "

4
>
+———di5 ).
(ng —p+1)* 15)
For the condition of the good approximation and the expansion, if we

assume that 7o x \/p = O(1) and s = O(1), a, k3/6v3/? k4/2402 and K3 /720}

of (2.17) are shown as

1
a = ay+ anUs + apUs + —(an U} + anUiUs + agsUs + ag)

VP

1
+2;(Oé31U13 + CY32U12U2 + 0433U1U22 + 0434U23 + 0435U1 + 0436U2) + 0(p_1)7

K3 1 1 1
— = —=fo + — (B U1 + B12Us) + o(p™),

03/2 VP b

H4 ]. -1 /{;g ]. —1

= )

2403 p70 + O(p )7 721}3 D 0 + O(p )7

where
ToS11 T ToS12 12

r
Qy = —\/13—0, O = ———= — —F—
V50 2\/5° V%

2
37‘0811 4 2T0821 “+ 811711 7921

Qo1 = — 5 3 - ’
4,/50 2,/50 v/ S0
_ 3res1iS12 | ToSa2 + S19T11 + T12811
Qg2 = — 5+ 3 ’
4\/80 2\/80
3rgs? 2 21
_ 9OrgSi r0523 + S12712 7122 _ ToSaa T3+ 2loge
Q23 = — - Q24 -

NG e



3 2
157‘0811 187"0811821 + 37"11511 n 67"0531 —+ 25217’11 + 21511 31

Q31 = - 3
Wi 1./50° 2./50° V30

2 2
o 157871512 67(S12591 + S11522) + 3r1287; + 3711511512
32 = -

8«/307 4a/805
+27’0532 + 2891712 + 711522 + T21512
2‘/803 ’

2 2
Cn — 157951157, 670(512522 + 511523) + 3711575 + 311251151
33 = -

7 5
8«/80 4‘/80
210833 + 2893711 + 112822 + 22511
7
2‘/803
3 2
s — 15’/“0312 18T0$12$23 —+ 3T12812 n 6T0834 —+ 2823T12 —+ T99512 T392

34 — 7 5 3 3
8./S¢ 4./5¢ 2./S0 \/S0

31511524 n T0S35 + S24T11 + S11723 733

Q3p = — - ;
4‘/805 2«/803 \/%
319512524  T0S36 + S24T12 + S12723 734
Q36 = — 5+ 3 - a
4./50 2./50 NED
to s11to ti1 S12t0 tio
Bo=—=, Bu=-— + . Proa=— + ;
NG IWeE RN INCERNE
2
. Wo . tO
W= T g

Therefore, we can calculate the right side of (2.17) as the expectation of
U;. We use the asymptotic distribution of U;,

1 3 17_ . IG o $4 xQ o 0 -1
fUz- (ZL’) = ¢($){1 —+ %Th'(x — 3!17) + D 21(2 21 + 36 3)} + (p ),
(A1)

where

Ve p
3Vni—p+r1 2 18(ni—p+1)

and some property about standard normal distribution function. Then, we

T14

obtain the parameters fi, fo and f3 of Theorem 2.4,

f1:(b - il )
\/04%1‘*'04%2“‘1
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f 1 ( 1 ag ) 1
2 = —F/—exXp(—2
\/27'(' 20{%1"‘@%2_{_1 /a%1+a%2+1
a1 Q190
X{Co - Ll Ci1 — Ll Ci2

o+ oy +1 i +ad, +1
(af, +1)? + ofy (1 + of + afy)
+ 2 2 1 2
(ad; +afy +1)
L (od +1)° 4 afy (1 + af + afy)
2 2 2
(af; +afy +1)

B anana(l — af + o, + o)
(o) + afy + 1)?

C21 <22

<23}7

f 1 ( 1 ag ) 1
3= —F7—=6€xXpPl—3
\/27'(' 20{%1"‘&%2_{_1 ,a%1+a%2+1
110 Q120

><{90 - 11 — 12

af +afy +1 af; +af + 1
Lehy + 1) +ag, (1 +ap + agy)
(af; +afy +1)2
anap(l — af +afy +afy)
N (af; +afy +1)2
L (0f) + 1) +ajp(1 + af + aj))
(@%1 +afy + 1)
~apan{3(1 +aiy)? + of, (3 + of + 3ai,)}
(ot +afy +1)3
~aganp{(1 + afy)’ +afi (=1 +af —afy) — 2a‘111}0
(ot +af, +1)3 .
_0400411{(1 +af)? +aly(=1+af —af)) — 20/112}0
(af; + ajs +1)3 ¥
_a0np{3(1 + 0))* + 0f,(3 + o + 30d)) }
(af +afy +1)3
3(1+afy)! +6af) (1 + afy)*(1 + af + afy)
l (af; +af, + 1)
L oni{ag +6a5(1 + afy) + 3(1 + af,)*}
(a%l +aiy + 1)
_|_O‘110412{04304%1 —3(1 +afy)(1 +af, +aiy)* = 3aj(al, — (1 +aiy)?)}
(af; +afy + 1)
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(ot +afy + 1)
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934
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+a‘111{3 + 902, + 60ty + a3(2 — 3a,)}

(af) +afy + 1)

_’_0%1{03@%2 + 3(1 + a%2)3 + ag(l - 26@2 - 3@%2)}] 0.5

+

(af; +afy + 1)1

04110412{04304%2 —3(1+ 04%1)(1 + 04%1 + O‘%z)2 - 30‘3(()‘%2 — (1+ a%1)2)}

0
(of) + ady + 1)* .

[3(1 +ai)! +60i,(1+ af)’(1+af + of))

(of) + ady + 1)*

afy{ag + 603(1+ af)) +3(1 +af))?}
—+ 045

(a3, + afy + 1)

B [a0a11{15(1 + a2yt + 1003 (1 + a$)2(3 + o + 3ady)}

(o) + ady +1)°

+a0a‘;’1(a§ +10a2(1+ o?,) + 15(1 + a%2)2)] 0
51

(af; +afy +1)°

_ la0a12{6a%1(_1 + of — ofy) (1 + of,)?

(af; +afy +1)°

+O‘00412{3(1 + 04%2)4 - 4“?1(3 + O‘% + 30‘%2)}

(0d) + ady +1)°

omaloblo+ 200 o)1+ )
52

(af; + afy +1)°

_ [aﬂall{a?l(:3 +of +9ai,) = 3(1 + afy)?(=1 — (=1 + aj)ai, +20ai,)}

(af; +afy +1)°

+0400411{0‘%1(0‘3@%2 —3(=3+af,)(1+ afy)? + of(1 — 207, — 3a1,))}

(af) +af, +1)5

(af) + af, +1)°

+O‘0a?1{(0‘3(2 - 50‘%2) + 3(3 + 70‘%2 + 40/112)}] 0
53

_ [O‘OO‘H{O‘%(?’ +ag +9ai)) = 3(1 +afy)* (=1 = (=1 + ag)ai, +20a4,)}

(o) + ady +1)°
aOal?{@%(@éa%l - 3(_3 + @%1)(1 + @%1)2 + a%(l - 26@1 - 3a‘111))}
(af) +afy +1)°

(af; +afy +1)°

+a0af2{(a%(2 - 56@1) + 3(3 + 76“%1 + 4“111)}] 0
54
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+3(1 + a%1)4 - 4“?2(3 + a% + 36@1)}
(af) +afy + 1)°
coon{o(af +208(1 +0f) — 2101+ Y]
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(af) + afy + 1)

+a0af2(a§ +10a2(1 + a?)) + 15(1 + a%,)?)
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] 056},

where
Go = —as + o — agﬂo + a7 + aieTie, G = —2apfoaiy,
Ci2 = —209fp0i2, (o1 = —Q1 — 04%150 — Q11711,
Co2 = —ipp — 20010023y, Co3 = —Qrag — 04%250 — (12T,
2
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—150080 + 100300 — agdo + 3apyo — Ao,
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