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bOLT S, SHEITIE, 2.2 8 CTEMY LIHBIEED 7 T RAICEBT DRSO TOFY] to & 53 o2
», (3.1) XTRIND A DOHESRE D, ZHWVTEH L7-HERT (1.1) RoOHEit&E T % Student 1t
L, #H B oM BB A B U 7= RS W 2 3R IR 2 I F LT 04347 ol i B =4 8
9 5. 723, Student b L7=HIBIBIE D /A WL R 25k 5 F5 & LTE, fRESNTZ alZxtL,
P[T(z;&1,%2,5) > c|I1] = a+ O; £722% X 5 7% cut-off-point ¢ Z RHRE A TIER< ZOHEERE
HWTEHEZRLZEMTEDL LWV ARFETHND.

LR, 228 LEERIC, z €Iy DREORIZONTE R L. ZOR, #igtE T @ Student 1k L 725
BIRE, MR O tgg &3 0? O, A % D, THEE L7HEEREZ AT

_ T_tOO(Du)
Ts1 = 70(1%) (3.15)
LRIND. HL,
_ n fs NV +1)
too——b+N +1{(N1a+1)f4 72f2N2 },

1
n N+1 NG
tor = — 1/ v N ,  toz = pto1,
01 N+ 1 N, 1 7 02 = pPlo1
1/2
p—]. 2 Nz(N1+].)
= /13, + 12 =, /= 0 = =J=r - -/ A
o=/t t1lg2, P \/N_pa m=h+&, & { N+l ;
(p— 1N

n—p+1 _ _ 1= _
pp= 2ol ipe P UR D (e ) s (@ - ).
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Gert B T, DAT ORI SV COFFH YL, Dy 2L T too(Da) & 0(Dy) ICHTIEDS
i 22 HiTIT > 72 T O M OWTER ZEH T2 HIELRRTH D, TORME, T IE

_to—teo | t1—7dr  (to —teo)sd:

Ts1 = o + o B 203
ty — 7d2 (tl — Td1)§d1 3§2d% cdy
+ o B 203 + (o = too) 8s5 203
=ty +ts1 12 (3.16)

DEINHRTDHZLENTE S, HL,

4= WD —p+1) x/WfTul L2 ﬁ’”w WA
N1 N, fo fo 23/2 Niv/No ’
N+ Dm-p+1) (1 , 2VA 2v/2¢ 2ny
dz = N1N2 EZ3 — f23/2 uiUy — —23/2 23U + f—guz
2(”—P+1)\/N+1{p‘/N1772< L 1uz+ LI 1uz>
— - 322 — —==U4Zy + —==Us22 — ——=UG22
N2 N, V2fs \Vfs Vi Vis Vs
V2N fr VN1 2Nim» n—p+1f3
+ uy(z1 + pz2) + z3(21 + pz2) — us(z1 + pz: + 7
2oy TR T g e en) m g B ) NE
2
n n
= = —— (14 p%),
T n—p+1) S (n—p+1)2( p)
p th—Tdy (to — too)sda
sl o 20-3 ?
_ ty — Tdo (tl — Td1)§d1 3§2d% cdy
b = o 203 + (fo = too) 80> 203 )’
ThHdETH., (- T, Tey ORFEBIEIT
- . x L ] 2 B 5
Cry, = E(e"0) + E(e"*"0ists) + E [e”to {istsz + %tﬁl}] + O(m73/2) (3.17)

LEFTILENTELZOTC, ZOHFHMEE 22 EFRICHAL, KT 2 Z LIk Y U FOEHENEH
=N5.

EHE 3.2
WRH R Ty O IXHITAIC

Fro,(z) = ®(z) — ¢(z) [{war + wazhi(z) + wazho(z)} (3.18)

+ {(.A.)31 + W32h1($) + W33h2($) + W34h3(.’l}) + W35h4(.’l}) + W36h5($)}] + 03/2,
LRIND. HL,

hi(z) =z, hy(z)=2>—1, hz(z)=2- 3,

ha(z) = 2* —62% +3, hs(x) = 2° — 102® + 15z,

12



96S gy = 2957
tg1(L+ p?)t/2’ tor

Wa1 = Wa3 =

T a3y S 7S 27¢
Wi = g1 f—gsg2ﬁ + Fgggz + —3g§(1 +p?)

2 12
+ﬂ{ f3+f (1+p2)}+a;1< +2>+%é+a32772

f4 f2 fz o fa o fo
2 2 2
_ooqy fs a3 92 oy [N
W2 = g8~ f+202f2+ {2f297p +(1+p%g }

S 2 Q21
— —1o1(1 —1 -
2193953 o(L+p7) + ) 01{( 72 W

N 1 3 1 3 . 3v/Nina .
+ 1"2<——+———+—>p2——1mp2}
4fo fs fi fs  fe 2f2fs
asz /N1 T
+? 7 tor(1+p ) 31929575 fo 912 4t01(1 +p )

T2 2 6
+92952 s+ 9% 02 (1+p? )+92952 6t01(1+P )+96 o (1+p°)%,

W33 = Q11021985 = t01p + ax 031

2f 2f
+&tz (14 p*)? — as1929
fz 3 Y01 3192 52f
Qg o [ Nimp VN1 5
wa4 =5 4t01{ 272 gip* + ga(1+ p?)? }—a212f Too t01p

2

2y/N. U2 \/Vl.ﬁ)( +?)

— 93955 %

2 9¢2 S
+ge —to (L+p%)° +g§ﬁt31(1+/}2)3+gzg§8—8t31(1+p2)2,

276
ws3s =g§7t31(1+/)2)3; 962 10t01(1 +p°)%,
n—p+1fs N+1 2(N-|-1)n2 5
= = + + -, 0 =2f1 +4&° +
9 N2 £ NN, NN, foo P h+4
1 VN 22 N N, &2 2N
gy = = 1<f1+2€2+ﬂ>’ gs = 12f1 215 n 13772
2 /12 f2 2f3m2 f2772 f
. VN + 1/ ; 1 N 1 N 1 N 1 g . f3
6 — ) T = 7 re e 7 8 — 3
Niv/Ns fs  fa fs  fe f4 42
ThHLETD.

B, x €lly, DEFD Student 1V L 7=#5 &

T — tgo(Du)

Teoo =
S2 O"(Du) )

L, thy(D.) & 0'(Dy) Ftoo(Du) & o(D.) D (a,b, Ny, No) % (—

.
sto1(1+p ’) — 0421939557501(1 +p?)

t01(1 +p?)?

N+1

=N

87§ TS .
=t (14 p7) + 5 t§1(1+p2)2+gzgﬁﬁt§1(1+/ﬂ),

(3.19)

a, —b,N2,N1) L Lf:%@“(ébé?ﬁ’,
AR OB RIS\ TIE, Tg OFERT (a,b,Nl,Ng) & (—a,—b,Ng,Nl) EFrUX L.

72¥, Ts1 & T ITHIBIBIL D7 7 2 (1.1) % Student {k L7z H D7D T, L 7R (3.18)
ZFMA LT, P(1]2) DEZFEE L7z LT P(2|1) DiEZHR/NIT 5 a & b ERODDH I EHTE D

59,
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4. Simulation

ZOHiITIE, THETICEH LRI OWTEIEMICE ST 2. 41T, 2.2 HiCEE L2k
BEBAFN (2.14) 12OV T, RITEBEAEDBAROGEICEHALERENTNDNE 5 2%, 31HTH
i L7z Bias (EEEORER L GO TEET S, 42T, 328 THM Lz [haEsel HHL— sk
BMIHBIN— L EZLBE L TN O00E 9 nEEEICEET 5.

4.1 BR¥BFEEQH:ERERFIZE Y % Simulation
IRT A — R —DfE %

p; 3,5,10,

(N1, N»); (10,10),(10,20), (10, 30), (20, 10), (20, 20), (20,40), (30, 10), (40, 20),
A; 1.05,1.68,2.56,3.29,

c=1,

= —p2 = (A/2,0,---,0),

Y =1, =diag(l,---,1).

LEL. ZOEERAOCTUHEAZIER L, (1.1) &AW T W-rule & Z-rule D4 TORLHBIRES
DYIalb—rvaEEREET LS. X, EFRO/ST A= — 28 Uz R O R (2.14)
WZE LD CRRHEBIFESR O EEZ FH L, Il —rva e Lz, B, HaEREAA
(28 D RHEM R T A —Z —ITHIIEARD DAER L7 HEE I 2 RN L TRI7ERER &, B a R L
TEHMN LI ARHEEEICBT AR DEM L TWA. ZRUINA T, KEROBREE LG D
WL R Cd % Okamoto (1963, 1968) & Memon and Okamoto (1971) OFERTOMEHHEH L,
R L LTWn5.

WHENRERITZER L TRENTWS. BL, 7Sim.”, "Wo”, "Zyo”, "War”, " Zar”, "Wea”,
" Zgst” s "Whias” and 7 Zgias” 1EZENENRD L D REBERTHBH.

”Sim.”: Monte-Carlo {EIZ & - THEE & 7= 3843l =R,

e "Wo”: Okamoto (1963, 1968) IZ L - TEHH S 7= il

e "Zy0”: Memon and Okamoto (1971) (2 & > THEH X 7= Winrirel.

o "Wag” and " Zag”: (2.14) KV B S 7o A X D 1.

e "Wgy” and 7 Zpy”: A % (3.1) THEZHZ TER S L2 (2.14) OHEE EOHIFFHE.
® "Whias” and ” Zp;es”: ISR QWL A RHEE B o HIFFE.
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# 1 PRI DOYIal—vali (p=10, c=1)
p=10,c=1 ‘W-rule Z-rule
(N1, N2) A Sim. Wo Wae  Wgst  WhBias Sim. Zymo ZAE Zpst _ ZBias
(10,10) 1.05 0.425 0.598 0.422 0.442 0.429 0.425 0.499 0.422 0.442 0.429
1.68 0.338 0.390 0.337 0.360 0.303 0.338 0.340 0.337 0.360 0.303
2.56 0.229 0.214 0.222 0.252 0.198 0.229 0.193 0.222 0.252 0.198
3.29 0.159 0.120 0.144 0.171 0.123 0.159 0.111 0.144 0.171 0.123
(10,20) 1.05 0.448 0.568 0.441 0.464 0.441 0.399 0.442 0.394 0.412 0.391
1.68 0.348 0.362 0.327 0.352 0.299 0.297 0.296 0.292 0.322 0.238
2.56 0.210 0.190 0.192 0.213 0.153 0.179 0.161 0.170 0.191 0.133
3.29 0.124 0.103 0.111 0.133 0.076 0.110 0.089 0.097 0.117 0.069
(10, 30) 1.05 0.463 0.556 0.452 0.479 0.454 0.393 0.421 0.381 0.402 0.380

(20,10) 1.05 0.350 0.469 0.350 0.362 0.342 0.396 0.447  0.397 0.413 0.392

(20, 20) 1.05 [ 0.380 0.448 0.374 0.394 0.380 0.380 0.398 0.374 0.394 0.380

(20, 40) 1.05 0.389 0.434 0.387 0.399 0.381 0.358 0.370 0.357 0.366 0.349

(30,10) 1.05 0.321 0.424 0.319 0.335 0.311 0.391 0.427  0.386 0.409 0.384

(40, 20) 1.05 | 0.326 0.384  0.329 0.338 0.320 0.356 0.373 0.359  0.369 0.353

Monte-Carlo IZ£ 252 = L—3 3 VOEIZOWT, EHEFZATEND 0.01 K Tho7-.

F1LY, p& N, DEIVNSOEHTIE Wo R0 Zyo OBV, p & N; O 1ISEVEEC
LA EIDIEME S 2 p ITIKTFE LTV D Wo R Zyo 1T EINELS, WICEEAREPLICKRELI 2D LK
E LTl R O EA RN RTINS, X, R 2HERICE L TE, A O
INENE ZATIHINEAREEREOELNA RN EDRRTEND. A DEPKEL 2D EZ20ELIEH
FO RS2V, ZoBEME LTE, B LU72#nr RN (2.14) OO R I A ITKFEL TV D0
LThAHI LHIEND. (K1 5H)

4.2 FBEGHIFIIL—ILICET HESR
41 L [FRRIZ, R hL L GEBATINCOWT, —fBPEDBERAR LIZ iy = —pa = (A/2,0,---,0),
Y =1, =diag(l,---,1) LRETED. ZOK, RFA—F—%

5, 10, 15, 20,
(N1, N2); (10,20), (10,30), (20,10),

(20,20), (20,40), (30,10), (40,20),
A; 1.05, 1.68, 2.56, 3.29,

(c1,¢2); (1,1), (1,0.5), (0.75,0.25).
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B 1: Z-rule (28T 2 EAEEHEROEIC L HHEE (p=10, ¢c=1)

(4010 (020
008 008
004 0ig »
-4
- 004 L
ooz — 105 Jv —+—1.05
0 - 168 002 = + .
002 —-&-- 258 0 o iﬂ;(tq/’;f” — k256
" e 3| e R - %= 329
-008 -4 ¥
-008 . . . ) -006 ' . '
Sim-ZMO  SimZAE  Sim-ZEst Sim-Z_Bias SimZM)  SinrZAE  SimZEst Sim-Z Bias
(0,30 2040
o1 007
09 5 01 o
: 005 >
007 B
; —+— 1005 004 o — 105
005 w163 003 e N
003 e —-&--2f6 002 /, & -—2Ff
e = —-%=- 328 am T T——— ——- 300
ot D T . ?i"—'—';:r'—"'f,-' 7
- - L g
/ . v
'DUS L 1 L 1 'DUE L 1 L
SimZM)  SimrZAE  SimZEst Sim-Z Bias SimZM)  SinrZAE  SimZEst Sim-Z Bias

LEE, ZREND/T A—F —4FIZ W-rule, Z-rule, = LT 3.1 #iT#EMH L7=FKi@E{t/L— (Min-rule
LIRS Z L1129 %) @ risk 2 Monte-Carlo 3% FIWCEHE L7 (HL, (N, Ny) = (10,10) DHA X
p=15, 20 O & T |ZXfEb RN T) |

BHINRERIEE 2, 3TRENTWS. Monte-Carlo IZ£ 5V = b— 3 Y OfEIZONT, 12
ERAZTEND 0.01 K Th-o7-.

INHDORIZBWNT, A=1.050¢x(21%, Min-rule ® risk IZ W-rule X° Z-rule £ 9 HAL<, 5]
=N EEN TN ENgnd. —FH, A=168 Tp=10 DL 21X, W-rule X° Z-rule ®J;
25 Min-rule XD  BWHBINL— L THDL ERINTNDEIE DS HD. ¢ e DEZED, ¢ =cy D&
T EAROBMZ R LTS, ANRKENE ZATHRHL—ARNH R S RWELHIE, 418 TERL
72k 90T, B LR (2.14) OIEPOBR IR A ITKEL THLEINHTHAD. 70k, £412
BT, (ag(A?),b9(A2)) DL Z-rule (T8I D68 a Dz 7 L TH L (W-rule (DWW TIEND
a=0TH5D).
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#£ 20 ZODHBIL— BT D risk DfE (A = 1.05)

A =105 p=10 p=20
(c1,¢2) | (N1,N2) | W-rule Z-rule Min-rule | W-rule Z-rule Min-rule
(1,1) | (10,10) | 0.867  0.850  0.718 = = =
(10, 20) 0.808 0.792 0.696 0.900 0.890 0.701
(10, 30) 0.792 0.779 0.699 0.881 0.858 0.703
(20,10) 0.797 0.783 0.693 0.890 0.879 0.704
(20, 20) 0.769 0.763 0.719 0.853 0.844 0.738
(20,40) 0.715 0.710 0.694 0.791 0.781 0.728
(30,10) 0.799 0.784 0.699 0.881 0.866 0.702
(40, 20) 0.714 0.708 0.691 0.792 0.786 0.746
(1,05) | (10,10) | 0.612 0499  0.493 = = =
(10, 20) 0.580 0.500 0.463 0.690 0.500 0.486
(10, 30) 0.573 0.500 0.459 0.683 0.500 0.448
(20,10) 0.538 0.500 0.453 0.630 0.501 0.496
(20, 20) 0.523 0.500 0.467 0.615 0.500 0.462
(20, 40) 0.486 0.500 0.461 0.571 0.500 0.467
(30,10) 0.512 0.500 0.446 0.592 0.500 0.433
(40, 20) 0.470 0.500 0.458 0.534 0.500 0.472

# 3 ZODHBIL— BT D risk OfE (A = 1.68)

A =168 p=10 p=20
(c1,¢2) | (N1,N2) | W-rule Z-rule Min-rule | W-rule Z-rule Min-rule
(1,1) | (10,10) | 0.676 0663  0.634 = = =
(10, 20) 0.603 0.592 0.580 0.766 0.756 0.704
(10, 30) 0.573 0.561 0.558 0.708 0.690 0.666
(20,10) 0.592 0.586 0.578 0.758 0.744 0.697
(20, 20) 0.544 0.541 0.541 0.681 0.674 0.667
(20,40) 0.499 0.496 0.496 0.589 0.583 0.582
(30,10) 0.569 0.554 0.551 0.716 0.691 0.663
(40, 20) 0.496 0.494 0.494 0.595 0.586 0.586
(1,05) | (10,10) | 0.490 0487 0547 = = =
(10, 20) 0.439 0.500 0.433 0.588 0.494 0.568
(10, 30) 0.419 0.500 0.404 0.550 0.500 0.481
(20,10) 0.409 0.499 0.435 0.539 0.496 0.575
(20, 20) 0.380 0.500 0.393 0.493 0.500 0.478
(20, 40) 0.346 0.500 0.350 0.428 0.500 0.409
(30,10) 0.383 0.500 0.403 0.482 0.500 0.472
(40, 20) 0.337 0.500 0.349 0.405 0.500 0.410

A. 8%
A1, HIBSHT
A.1.1. HIBID T ORI

MRS E 1L, B ARz 23 K HORER I, - g D95, ENd 1@ T 550> T
LN EDORERICBET 2000 b &2, ZOMEKDORMEE ¢ = (21, -, x,) ITESNT, ED
REEFIC BT 202 TE DR TmWEIIEREL b > THIET 2 T2 o0 5 L) lEZH-> T\ 5.
ke B (=1, K) BT 2 & &0 o Ok () % P L3255 %, P, P I3
HWIRRLZHDTHDETH.

TEARDHIR I EL p ITZEH RP & HNCFHE 7R K HOEES Ry, -« -, R (0T 2080 HIZ k-
THhES. RPOHEI(Ry, -+, Rg) BN52 BNl &, lkz e € R 72biEx € I; ThHB LHBISH
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7% 4 FRH (ap(A2), bo(A2)) & Z-rule (28T 5 a D

A =1.05 A =1.68

(c1,c2) | (N1, N32) | Z-rule p=10 p =20 p=10 p =20

(1,1) | (10,10) | 0.00 | 0.00 000 | - = 0.00 000 | - =
(10, 20) -0.02 -0.03  -0.05 | -0.03 -0.18 -0.03  -0.09 | -0.03 -0.27
(10, 30) -0.03 | -0.04 -0.06 | -0.04 -0.15 | -0.04 -0.11 | -0.04 -0.22
(20,10) 0.02 0.03 0.01 0.03 0.04 0.03 0.05 0.03 0.12
(20,20) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(20, 40) -0.01 -0.01  -0.01 | -0.01 -0.02 -0.01  -0.03 | -0.01 -0.04
(30,10) 0.03 0.03 0.01 0.03 -0.02 0.04 0.05 0.03 0.04
(40, 20) 0.01 0.01 0.01 0.01 0.00 0.01 0.02 0.01 0.02

(1,05) | (10,10) | 0.00 | -0.28 1.78 | - - 044 1254 | - -
(10, 20) -0.02 -0.07 281 | -0.80 -23.14 | 0.20 5.53 0.18  24.02
(10, 30) -0.03 -0.04 244 | -0.26 0.21 0.13 3.87 0.14 11.88
(20,10) 0.02 -0.01 296 | -0.77 -24.42 | 0.26 5.70 0.23  24.19
(20, 20) 0.00 0.03 2.59 [ -0.14 1.77 0.17 3.79 0.18 11.54
(20, 40) -0.01 0.03 2.11 | -0.04 2.74 0.12 2.75 0.09 5.34
(30,10) 0.03 0.04 2.67 | -0.19 0.30 0.22 4.10 0.22  12.36
(40, 20) 0.01 0.06 2.19 | -0.01 2.90 0.15 2.82 0.12 5.50

%. UUF, %I (Ry, -+, Ri) £ AU Ko TRE BRI IEr 2R L Tr = (Ry, -+, Ri) LR &
L:Té ﬂﬁlﬁiw i Hk LZETE)ODL:, g/g’)—( H]‘ LZ$IJ%[JLfC& %@*ﬁ%% Cj|k &%T (C]‘|k Z 0, ck|k = 0)
BRSNS I (2@ 5 FRlifeR CERMER) 2 m &9 25L&, ¥BlGiEr = (R, -+, Ri) I K DHBIO
WrHRRI,
K K
L(r)=>_m Y _cjiPi(@ € R)) (A1)
k=1 7j=1
LRIND. Lr) #5/NZT 2HBIAE N = (RY, -+, RY) 1334 X/L—/1 (Bayes rule) &FEHIILT
W5, fi(a) BIEE @ 551 (BT & & OREREERK (EHEO L = TR LT, o

X )— g,

K K
x € R = coppmifi(a) =min{)_ cipmifu(@)j =1, K} (A.2)
k=1 k=1

IZE-oTHEZBND.

FHIER m; DRMOGEIITIRFHEL Lir) ZFHETE RV, Zo8AICEI =~y 7 2 HHRlE
(minimax discrimination rule) 23X <HWHLD. @K I1; ITJET D &5 RO N TOHBIFIE
r = (Ri, -, Ri) \T & D&M HIRHARIT,

K
L) =Y ¢uPzeRy) (k=1 ,K) (A.3)

Jj=1

L#RIND. HBIHEr = (R, Rg) &r* = (R}, -+, Ri) IZxt L C,
Lip(r*) < Lg(r) (k=1,---,K) (A4)

Thh, Pl b—20RESN <] ThdLE, ridr KVEALTHD EWI. &R EY
Wt LCr KOERTHRIFERFELRNWE S, r TR TH L LWV ). ZOFERHLNEDES
DHFND—DZBINT 5 /OHAEL LT, K HOSRMAIFHER O RME max{L(r)|k =1,--- K} 7
BBHN, ZOEERENTHLHBEE I =y 7 RHFRELIES. 1, >0 (j=1,---, K) kT 5
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A ZAN—)UTHFEHTHY, _A ANV—VDOHFTL(r) == Lg(r) 2T bDIEI=v v 7 AT
HLERMBNTND

X, HEHEFOBAICE, Bk = (o, ) S K EHORER L, - Tk [CBOTEB S AT
HLx, TOREHMOAERZ TE D72 DEMEOEREHRIALE L MHIND ¢ O 1R OM THIAT
LHa BT D IEEHBIOHT LTINS HiEL & 5.

A.1.2. 2DODOERBERAICKT S HF]

k=2 ok, BfFEK (A1) X
L(r) = micon P(2[1) + mac1p P(1]2) (A.5)

EWIHBTREIND. fi(z) Z, (i x WREMIL ICET S & EOMREERKETLE, (A5 X
T B HE (A X—)1) X

fi(z)/fa(x) > ¢ < assign z into II; (A.6)

ERIND. AL, TR X 2% & DR LUOFATERIC L > TREDHER (¢ = cama/e1m)
ThdET 5. BHEFIL (0 = 1,2) DR T ML g, S8 HATH S O p IRGCIEBAR N, (i, X5)
ThdHEE, (A6) DR%ERIT

Qx5 i1, pr2, X1, X2) < —2logc (A7)
LRETHD. HL,
Qs s 12,51, 50) = (@ — i)' Sy H (@ — 1) — (@ — p2)' S5 (@ — po) + 1og |[S1 55| (A.8)

Thod T 5. (A8) DHHIEAEIT 2 HIHIBEIE (quadratic discriminant function) & PRIV TV D
WIT, 5y = No(= X)) ThHBAICE, (A6) I

L(z; pua, p2, X) > log e (A.9)
LRIER DT/, HL,

S0+ 1)’ (s = o) (410

L(w;ulau2a Z) = wlz_l(ul - :uz) -
ThodeT 2. (A.10) OHBIBEEIIHZERIEEEL (linear discriminant function) & PFEIILTW S
SRR T BV g &S EATY S BBEROBATE I TR WA, KIRO—eT — 2 Tldohn
SIIRMTHS. 2T, FREFNLELNER HIHEAR) (CHESHEER A, o RS, 3,
Ze FN T B

Q(; fun, fiz, ¥1,50) (A.11)
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HBHNE, X =T, (=) BTPHESNEHAITITY OfERS 2V

~

Liw: jur, iz, 5) (A.12)

AR O & 5. TS OHIBIBIELC £ 2 MBI LTS 24 »— (plug-in rule)
LIFEN TG, RAEF LG = 1,2) 1 HOKE S N, DOMEAIC ST, BATHAY bz, &
AR BATHY S; %

1 & 1 &
T; = sz"j’ S; = ;Z(% —zi)(@ij — )" (ni=N;—1),
1 J:1 K2 ]:1

DEIICERT L. KB EOHEREL L TINAbEZMHWD L, (ALL) X
Q(a);il,i?z,Sl,Sz) = (:13 — 531)’5;1(13 — :il) — (:E — j2)1551($ — 532) + IOg |515;1| (A13)

ERIND. TIUTEAR 2 PCHBIBIE (sample quadratic discriminant function) &PFEHIN TV S, X,
z; &, HEOHEL AT O NMEHEE &

S=n"1(niS1 +n2S) (n=mny+ns)
EHWD &, (A12) 1%
L(z; &, %,,5) = 2'S™" (&, — &) — %(571 + &) SN & — ) (A.14)

LR, W-itits (W-rule) & 25 WIIEABIZHIBIBEE (sample linear discriminant function) &
IR TV D,

L2272 s, EOEmIC I VERENTT T 74 L b—E, BEMART A—F =M Th s L
L CHEB SN — M ZOWEMERAT D ZEICLVHEEEE X TNDH, A X—/LOHEE &
LT & 1TV 2. 22T, XA A=V OROWESELEZEZTHDLZLIZTDH. £D)ikE
LT, Wi H:x €Iy ZXNAGHE K : @ € T ISk L TRIEZIT O & & DREHITED W THBI A%
EIERRT D IERET OND. B =S (=X) ERELLEE, ZOHE,

d; = (il: — :f:i)ls_l(il: — CEZ) (’L =1, 2)

LLT

d d
nt 2>¢ = gell, ntd
n+d; n+d;

LWIHETEEIND. BL, n=N+No—2ThDHETDH. DL 572 HBIETLEREE (likelihood
rule) EREEIN TV, FRZ, c=10D & X DHGFIE

<ec = zell (A.15)

Z=d—dy <0 = :cEHl, Z>0 = xell (A16)
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IEiAE  (maximum likelihood rule) VT Z-#iFH & (Z-rule) EMEENTWD. 20 Z % BRI
E XN

N e _ N. e _
NS @2 - g (@ 2)ST (@ - 3), (A.17)
BHHWES DRV IZ A=nS ZHNT,
N N.
, jr - (z — ) A (@ —xy) — , i - (- &) AN (x — @) (A.18)

EWVWIOTRIZIR D, Ny = Ny, DEE, (A7) 1% (A14) OEEMGE L2, Z0 2 >OHBREXFME & 72
D, B, B #£Xy OLEOREIER

() (2 ) ()
N, +1 Ny +1 N, +1 A

% {14 (No/(Ny + 1)) (z — 25)'S5 (z — &) J V2 H1)/2
{14+ (Ny/(Ny + D) (x — 21)' Sy e — @) J(Ma+1)/2

z

LEWE L X

A>c = xzell;, A<c = zell (A.19)

LRIND., ZOFBTOREEIX (A19) Te=1DLEThHD.

A.2 #RER
A.2.1 EEREAOEEER

RESnOIER X, -, X, PWAD L E, HEESCKRER EOFFHIHERIZZ N 6 OEANGFRE I
DR T, = T(Xy, -, Xp) IESW T Thd. 2Ok, #EEICRIT 2 #EERAEOFM-CREICE
JOABROFES, HEHFREFMT 5520 T, O (BR) HAzEms0ERHD. LinLens,
Wt T, BIRPEMERG AL, T, O0maMkgioRko 5 Z ERREETH D Z L bRy, &2
AN, ZOXIRGETYH, EAHn ZREL LTV L, HHEBEOSHBIERDAARC 2-0fmp L L
WO TAERE I AR SO T BAN LIELIEDH 5. ZOHE, A B HaRENE X2
Wat s T, DAz n— oo & LTEMBROGMTIHELT L Z LN TE L. TP KRIERGOEHETH S

, KEEAGRCTHEZBIDEH 1L, 3 7b BR324 O A TR E DM DO WVRN S D Th 5
ZEbB. 22T, ERERLSTOABICEICERITOEBZRD L O LT 50N ETRMOE 2T T
H5.

WA RBR ISRV TR TR E 2 &0, Wb I 3BERA I IEAE n N0 RE R & TR A S8
THFRETHY, nHV/hNEWVWEZATIEHENEERICE > GERDRBBREND LITRLRNEVWSIETH
L. LU bR, BRI ESIERRN T THEZI TH L Z L3 g0>TnD.
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I BB {bpn (k= 0,1,-+) %, n — 00 DL ETE byn = 0(b_1.0) E72D, bop =1 TH B L5 72
FIORESEATHE LT 5. HlL LT,

1 1 1
bon - 17b1n - \/’I'_L’bzn - E:' 7bkn nk/za

1 1 1
bOn: 17b1n = _7b2n = _27"'7bkn: —

n n n

REBFFTOND. AEBEOH {g,} 1T Ln o0 &Lzl E, HOLARKMEZEEL, HDHSIDL

b\ﬁik Y157Y2s s VR a:/)b\f’

gn = g {1 + 71bin + - + Wbpn + 0(ban) } (A.20)

9n = ggzo){l + O(bOn)} (A'Zl)

Lo 55 {gO) BIET 5 LRET S, ZOLE, (A20) & n — oo & L= & & DSEEIE (leading
term) (O % Heo g, OWRLIER (asymptotic expansion) &\ 9. X, {EEOEK g(z) IOV TH, k
O % gO(2), bn % b(z) LB EBAIUTB L 5 72BN T,

9(2) = ¢V ({1 + b1 (2) + -+ + Mmbi(2) + o(ba(2))} (A.22)

LETENTE S, ZhEHRHEE g0 (2) 285 g(z) OWLRTER &0 5.
BT, Tl &3 2 2B8IZ, Bootstrap 1572 &L Wo e it EEZ HWT X F X MY v 7 EOR
MADOHFHTHELZHET L L Voo HiEb L BN TWER, TR OFRIZIZLLFOZ ERZEFbh
. FF, INAEMIIXOETRINTNWDDOT, —EHE L T LA ISP BRZET b
5. X, Rx/THME/ERETE AN THAD.

¥, WNEREBHOMEICIE, RO 3SOWENRH L. —D2iF, WLEMEZ VNIl TRODL N TH
5. WAEMZ RO DB ZNETAXRFERBEZ LN TS, ED X RFEND 5NN TE
kR B, TowbIE, B o(by(2)) BAMIC L BUVIE L D ME NI BETHS. ZhiE
FEHOFN (validity) &WbiuTna. %2k % Edgeworth EEFHIZ- DV TiX, Bhattacharya and

>

(4

|

1|

Bi

Ghosh (1978) (T validity 23B% D SEOSRMFIZONTIERSE N TN D, =20, TOREEEZ L - &
K ICEHMT T 5 TH 5. 24T Ulyanov and Fujikoshi (1999) 72 S IZ k- THIEE LT\ 5

A.2.1 FERRADGE

W RO RBEZIZRDO LS R b DN H 5.

ol

AR B T .
EMEE ST 2 BIC & > TR 5. BEHEEBIA ORI 8(2) 125N,

¥ =1-8() = [ " o(y)dy
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LB THL, V) R aRENE X
WF%L/ﬂ%y

y2
AL TE S, iRy L,

¢(z) 1 13 1.3:5
. (1- s + o 6 +-9) (A.23)
LOHRERD, ZORE 2k OETIEDE X, AT Oz 2%2) L7435 EAMHICRS

no.

Laplace &R & A\ 7= Fik.
BI% w(z) 73,
b
w(z) :/ e " Wy(y)dy
CWIHBTERENTVD LE, r(y) OFRMEERED y = § 7 (a,b) HITH Y, 7o r'(f) =
0, 7(g) >0, g(§) #0725, w(z)E

w(z)zejigﬁ_” {1+0("1) (A.24)

EWVWIORIZEBATE D, SHICROEETREMATS L,

(2) = e—"\/ﬁ{~ 1/(§" 7®g B 7@ g +5(,:(3))2g
w \/_\/T” 251 2(f//)2 8(;//)2 24(;//)3

EWIORIZe . fHL,

> +0(z72)} (A.25)

F=r(@), §=y9(@), 7 =1"(j), etc.

ThbdET5H. ZOREMIF Stirling OEBEOEH IZELNA TN,

kDM A 72 Ik,
S, & I(n) 2ZRZN

Sn= 5 5@+ fla+ 1)+t fln=1) + 5 (n)

- [ 1w

LERTDH. AL, abniZa<n DT, flz)idazD CCROBEBTHLETDH.
DL, S, —I(n) 7,

PURRLZEEZHACTREMEE 2. L, Ry fW (@) IEELTWARSTHD ET5. =
UEn — oo & L7 EOHRLRM O TIXRWo 720, FIHGEL LR ISR O — 7
EETHENTED.
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o MED IR E VT2 Tk
gn(2) &, n— oo & L& XITEIEMN g0 (2) THY, 70 1/y/n DHEOBERXZFFOLO &
L, zLTCzntx, HFEXgO (@) =aDnmbhTnsbo 45, Kk

gn(z) = a

B BT, ¢ &

LEE g, (z) OWEREBICRATIUE, 2@, 2O, @) .. 28kEY, 2 PN TES. =
UL Conish-Fisher BERD X 5 12005 RE7HH T2 L Xz {fEbhb.

o HEEIZ, HDHWElog & & o Th LML %3 % k.
o (LLTED4D) F—A L MEEECRMEREBORERNZ5THHHERIFEIC LY KT 5 71k

o fERAHNT K 2 WL B & F 7o 8 ik
MERELOII{Y,} &, iR T

Y, = Xo+ Xibin + -+ Xibpn + Op(bryin)

LTEDLLDOTHD EEFKRTD. L, {Xo, X1, -} 1T n (CHE LW & FFOMEEEHTH
YD, ZOLX, Y, OBEEREKIT X, Xi,---, X, ORISR L Taylor B2 Y
FAWTERTA2ERTES. XX, h=20L x0T

ﬂnwﬁaww_an@mm@LL+1(Wﬁ@mmwyl_an@mmaw>+Ow3@

dy Vn oy? 2 dy
(A.26)
k?&%éﬂé fﬂ L/, fo(iEo) 6i Xo @%Efﬁéﬁy f01(5l70,$l71) Lj: Xo,X1 @IEJH%%&FF%;&,

for2(mo, T1, T2) 1% Xo, X1, Xo ORIREEERIET, ui.0, to1.0, po.o 1EEILEMN,

e} T
Hi1.0 = (X1|X0 —y) / $1f01(§é(’ )l)d L1,
,U(]](]— X2|X0—y / / fOlZ yﬂxlﬂxz)d 1d-/1:2;

pa-0 = B(XT| X0 = y) / / 2f012 y,:rl,:rg)d 1dxy

EFRLTWELLDET S,

e Edgeworth &BAIZ & % 514,
Y, Y1, Y BN p, B 02 ThHDMNLIE—ARIHE D EREET, rikF¥F=aIaT
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b e, ZREOTWD B D ERETD. X, HELENTF2I2T 0 M p =k, Jo" ERTHEIZ
T5. ZOWEEHORMY, +---+Y, &S, LEXRL, TOEHELE

_ Sp—np

oy/n
ERTE, SEOXF 22T MBS K(SE;t) 13,

She

(A.27)

K(Spit) = —v/nutfo +nK(Y;t/av/n)

1 3 4
S L LTI ) (A.28)

2" Tovn | 24n
ERIND. SEOF—A L MREREEIT M (S t) = exp{K(S};t)} £72DT,

M(S%:1) = exp(Le2y{1 + B2 L 2180 L 20 oy (A.29)
" 2 6yn  24n  T2n

LERIND. 22T, YV OFRMEREE o(t) 25 Cramér 54

limsup |¢(t)] < 1

[t]— o0
BT ERET D, ZOREICLY, (A.29) OF— A MEREHUT validity 720312 iR
EITOENTE D, KoT, S OMEREEMBIZHOVWTUTORMZS5.

ooy pshs(x) | paha(x) | pihe() Y
f(S5;2) = op(2){1 + 36:}7_1 + B 726n }+0(n3/?) (A.30)

BL, ¢(z) ITIEHEER A OMREER CTHY, hy(z) Zr RO Hermite ZHATHDH & T 5.
DX D BB AN Edgeworth BR L\ 9. 728, [ URED FTOHAMBEKIZOWTO
JEBAIX

k.o psha(z) | pshs(x)  p3hs(z) —3/2
F(S5;2) = (x) — d(x){ 36ﬁ + S T R T 0 (A.31)

LEREIND.

Saddlepoint Edgeworth FEBH (tilted Edgeworth B&BR) (2 & 2% Hik.
Edgeworth B TIX, p3=0ZRELIZ L&

F(Sn;z) = ¢(a) {1+ O(n™/?)}

LAy, EEENG E OBETOM/2) LD, LinL, =0 DiEETERLLE, hy(z) =
2 =3z THHDThy(0) =0 L7 0, BEEHNH L OBETOn ) £/25. 22T, ks
BT BB, Y, Y-, Y % CNEHISICRERE IR fo(y) 120 5 HEREH Y L, £ 0
SEH p, WA 0? THHETH. X, K(t) £ M(t) ZZhZNRY 0% =25 MIEKE
T AL MIBIETHD LTS, foly) B AITIREE

e foly)
M(N)

fly; A) = = exp{\y — K(\)} fo(y)
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ERDLLETEZXD. Z0EE, f(y;0) = foly) LleoTWD. Y, -+ Y, 2SI HeREE R
B f(y; \) ICHED MERESE L, TOR%E S,, THT. ZIZT, Spo=8,13Y,, --,Y, D&%
LCW5. s=y+-+y, L. g(s;N) & Sy OHERBEREETDE, Yy, -, Y, DAL
PEIZ KD 2L S, OREREER fs, (s) EHVWTRTENTE,

g(s; A) = exp{As — nK(\)}fs, (s)

Lb. Thz,

fs.(s) = exp{=As + nK(A)}g(s; )
EEL, fs,(s) DEBR%E g(s;\) DREFNLRD D, g(s;A) ITDONWT S, ZAEERT D&, s &
Edgeworth R (A.30) TO z & ORIfRIT,

s —E(Sn; A)
V V(S A)

LREND. 2T, s BAXZOWTON g(s; ) @ L] i2hd koic, 772bb,

E(S.,;A\) =s

BT EOICA=AERLED. THIRK' (N =s/nickoTEREND. 2975, g(s;A) D
Edgeworth B (A.30) Tz =0& Lz b X LFEL HDIZARDOT, Tl & /- Edgeworth
WD B, g(s;A) 1

g9(s; ) = {2mK" (M)} {1+ 0(n 1)}

LEIND. ko7, fo X

_ exp{-A+nK()

} =
{2mn K" (X)}1/2 {1+0( )} (A.32)

fs
LERIND. 2ok ERM% Saddlepoint Edgeworth BB (tilted Edgeworth BE) & 5.

Cornish-Fisher B
Rt EOS M OBNERRAZFHAL T, TORHEDO I—t L FRERDDLZ L EZEZ2D. fHlx
X, WETE T, OO F,(z) 25 n — oo TEEHEERM N(0,1) 1265 & 95, T74bb, &
TO g Tk LT
li_>rn F,(z) = ®(x)
ThdHETDH., ZoLx, HhEEF, oD Fila5Z2FnFhe, v T5HE
F,(z)=%u)=1-«

LD, COHBRREEETH e = o(u) BRENT, T, O Ll o S50 O Lo 5 20
Tk BN LTk D
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=i

Gt B T, ORFEBIEL O, (8) 28
C.o(t) = /2 |1 4 %{al (it) + ag(it)*} + %{bg(it)2 + ba(it)t + bs(i)°} + o(n 1)
LEBSNS LTS, CoLE, WEATIAEOFT

P(T,<z) = F,(z)

LERFLNATES. HL,

p1(z) = —{a1 + azhy()},

pz(l‘) = —{b2h1 (SE) + b4h3(l‘) + bﬁh5(l‘)}

THY, h, L7 KO Hermite ZHEATHD & T5. ZORERRKIC

o= () = ut 7= (0) + (o) +o(n”)
ERALT, Fuo(u) = B(u) L85 q(u), g(u) EWET S LRTE,

@1 (u) = =pa1(u),

() = —pa(u) — S () + 2 (s ()

ZE Xk

[1] Anderson, T. W. (1973a). An asymptotic expansion of the distribution of the studentized classification
statistic, Ann. Statist. 1, 964-972.

[2] Anderson, T. W. (1973b). Asymptotic evaluation of the probabilities of misclassification by linear dis-
criminant function, Discriminant Analysis and Applications (T. Cacoullos, ed.), Academic Press, New
York, 17-35.

[3] Anderson, T. W. (1984). An Introduction to Multivariate Statistical Analysis, Second Edition. New York,
Wiley.

[4] Bai, Z. D. and Zhao, L. C. (1986). Edgeworth expansions of distribution functions of independent random
variables, Sci. China Ser. A 29, 1-22.

[5] Barndorff-Nielsen, O. E. and Cox, D. R. (1989). Asymptotic Techniques for Use in Statistics, Chapman
and Hall.

[6] Bhattacharya, R. N. and Ghosh, J. K. (1978). On the validity of the formal Edgeworth expansions,
J.Multivariate Anal. 27, 68-79.

[7] Bhattacharya, R. N. and Rao, R. R. (1976). Normal Approzimation and Asymptotic Ezpansion, John
Wiley and Sons, New York.

[8] Deev, A. D. (1970). Representation of statistics of discriminant analysis and asymptotic expansions when
space dimensions are comparable with sample size, Soviet Math. Dokl. 11, 1547-1550.

[9] Fujikoshi, Y. and Kanazawa, M. (1976). The ML classification statistic in covariate discriminant analysis
and its asymptotic expansions, Essays in Prob. Statist. (S. Ikeda and Others, eds.), Shinko-Tsusho,
Tokyo, 305-320.

27



[10] Fujikoshi, Y. and Seo, T. (1998). Asymptotic approximations for EPMC’s of the linear and the quadratic
discriminant functions when the sample sizes and the dimension are large, Random Oper. Stochastic
FEquations 6, 269-280.

[11] Hill, G. W. and Davis, A. W. (1968). Generalized asymptotic expansions of Cornish-Fisher type, Ann.
Math. Statist. 39, 1264-1273.

[12] Kanazawa, M. (1979). The asymptotic cut-off point and comparison of error probabilities in covariate
discriminant analysis, J. Japan. Statist. Soc. 9, 7-17.

[13] Kanazawa, M. and Fujikoshi, Y. (1977). The distribution of the studentized classification statistic W*
in covariate discriminant analysis, J. Japan. Statist. Soc. 7, 81-88.

[14] Matsumoto, C. (2004). An optimal discriminant rule in the class of linear and quadratic discriminant
functions for large dimension and samples; Hiroshima Mathematical Journal 34, 231-250.

[15] Matsumoto, C. and Wakaki, H. (2003). Asymptotic expansion of the quadratic discriminant function
when the dimension and sample sizes are large, TR No. 03-14, Statistical Research Group, Hiroshima
University.

[16] McLachlan, G. J. (1992). Discriminant Analysis and Statistical Pattern Recognition, John Willey and
Sous, Inc., New York.

[17] Memon, A. Z. and Okamoto, M. (1971). Asymptotic expansion of the distribution of the Z statistics in
discriminant analysis, J. Multivariate Anal. 1, 294-307.

[18] Muirhead, R. J. (1982). Aspects of Multivariate Statistical Theory, John Willey and Sons, Inc., New
York.

[19] Okamoto, M. (1963, 1968). An asymptotic expansion for the distribution of the linear discriminant
function, Ann. Math. Statist. 34, 1286-1301. Correction, Ann. Math. Statist. 39, 1358-1359.

[20] Page, J. T. (1985). Error-rate estimation in discriminant analysis, Technometrics 27, 189-198.

[21] Raudys, S. (1972). On the amount of priori information in designing the classification algorithm, Tech.
Cybern 4, 168-174 (in Russian).

[22] Saranadasa, H. (1993). Asymptotic expansion of the misclassification probabilities of D- and A-criteria
for discrimination from two high dimensional populations using the theory of large dimensional random
matrices, J.Multivariate Anal. 46, 154-174.

[23] Siotani, M., Hayakawa, T. and Fujikoshi, Y. (1985). Modern Multivariate Statistical Analysis: A Graduate
Course and Handbook, American Sciences Press, INC.

[24] Siotani, M. and Wang, R. H. (1977). Asymptotic expansions for error rates and comparison of the
W-procedure and the Z-procedure in discriminant analysis, In Multivariate Analysis (Vol.IV), P. R.
Krishnaiah (Ed.), Amsterdam : North-Holland, 523-545.

[25] Srivastava, M. S. and Khatri, C. G. (1979). An Introduction to Multivariate Statistics, North-Holland,
New York.

[26] Tonda, T. and Wakaki, H. (2003). EPMC estimation in discriminant analysis when the dimension and
sample sizes are large, TR No. 03-08, Statistical Research Group, Hiroshima University.

[27] Ulyanov, V. V. and Fujikoshi, Y. (1999). On uniform error estimates of improved x?-approximation, TR
No. 99-07, Statistical Research Group, Hiroshima University.

[28] Wakaki, H. (1990). Comparison of linear and quadratic discriminant functions, Biometrika 77, 227-229.

[29] Wakaki, H. and Aoshima, M. A class of Linear Discriminant function, (to appear).

[30] Wyman, F. J., Young, D. M. and Turner, D. W. (1990). A comparison of asymptotic error rate expec-
tations for the sample linear discriminant function, Pattern Recognition 23, 775-783.

28



